
NeRF Revisited: Fixing Quadrature Instability in 
Volume Rendering

VOLUME RENDERING/NeRF -- AS WE KNOW IT

• We look into the actual volume rendering equation.
• The phenomena we investigate is general and independent of the 

model, the input, or the defined loss.
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RESULTS

PROBLEM: QUADRATURE INSTABILITY

OUR PL-NERF : PIECEWISE LINEAR OPACITY

OUR CONTRIBUTION

• Piecewise constant opacity introduces ray conflicts in NeRF optimization 
due to sensitivity to samples and quadrature. 

• Each infinitesimal particle in space (𝑠) 
is with a certain opacity (𝜏!) that emits 
a scalar color (𝑐!) for each direction.

• A pixel’s value is the expected color 𝐶(𝒓)	along the ray.

𝐫𝑠
𝐶

• Opacity 𝜏(𝑠)	: probability of hitting a particle at location
• Transparency T(𝑠)	: probability of not hitting anything until that location 

• Continuous:

• Discrete (the equation as we all know it) :

• The volume rendering equation as we all know it, assumes piecewise 
constant opacity at each interval.
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• To alleviate these concerns, we propose to use piecewise linear opacity 
and piecewise constant color at each interval.

𝑠) 𝑠)*+

• We arrive at the following simple expressions:

PRECISE IMPORTANCE SAMPLING
• One gets important samples from the probability density function (pdf) 

through inverse transform sampling.
• Under the piecewise constant opacity assumption, since the pdf is non-

continuous, then its cdf is non-invertible. 
• Under our piecewise linear opacity assumption, the cdf is invertible 

resulting in a closed-form solution for inverse transform sampling:

Piecewise Linear Opacity
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Quantitative Results

Camera-to-Scene Distances
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